Abstract. In this paper, Laplacian spectra of power graphs of finite cyclic groups, dicyclic groups and p-groups are studied. The multiplicity of Laplacian spectral radius of power graphs of these groups are investigated and it is completely obtained for dicyclic and p-groups. Some upper and lower bounds of algebraic connectivity of power graphs of cyclic and dicyclic groups along with the value for some orders are determined. It is shown that the power graph of a dicyclic group is Laplacian integral if and only if it is generalized quaternion. It is then proved that power graph of a p-group is Laplacian integral. The equality of vertex connectivity and algebraic connectivity of power graphs of finite cyclic and dicyclic groups is characterized and it is proved that the equality always holds for p-groups. The Laplacian characteristic polynomial of power graph of dicyclic group is expressed as determinant of sum of Laplacian matrix of power graph of cyclic group and a rational matrix. Consequently, some Laplacian eigenvalues of power graphs of dicyclic groups are obtained and their multiplicity is explored. All possible Laplacian eigenvalues of power graphs of p-groups are determined and their multiplicity is discussed.
Introduction
Kelarev and Quinn [17] introduced the notion of the directed power graph of a semigroup S as the directed graph − → G (S) with vertex set S and there is an arc from a vertex u to another vertex v if v = u α for some α ∈ N, the set of positive integers. Later, Chakrabarty et al. [4] defined the (undirected) power graph G(S) of a semigroup S as the (undirected) graph with vertex set S and distinct vertices u and v are adjacent if v = u α for some α ∈ N or u = v β for some β ∈ N. Several researchers have studied various properties of power graphs, and have shown their usefulness in characterizing finite groups. Cameron and Ghosh [3] showed that two finite abelian groups with isomorphic power graphs are isomorphic. Cameron [2] proved that if two finite groups have isomorphic power graphs, then they have same numbers of elements of each order. Curtin and Pourgholi [10] showed that among all finite groups of a given order, the cyclic group of that order has the maximum number of edges. In [15] , the authors have computed automorphism groups of power graphs of various finite groups. Some sharp upper bounds of vertex connectivity of power graphs of finite cyclic groups along with the case of equality were obtained in [8, 23] . The proper power graph of a group is obtained by deleting the identity element from its power graph. In [1, 12] , the components of proper power graphs of some groups were studied. For more interesting results on power graphs, the reader may refer [20, 21, 25] .
All graphs considered in this paper are undirected, finite and simple (i.e., without loops or multiple edges).
For a graph Γ with ordered vertex set {v 1 , v 2 , . . . , v n }, the Laplacian matrix L(Γ) of Γ is defined as L(Γ) = D(Γ) − A(Γ), where D(Γ) is the diagonal matrix whose (i, i)th entry is the degree of v i and A(Γ) is the adjacency matrix of Γ whose (i, j)th entry is 1 if v i is adjacent to v j and 0 otherwise. The matrix L(Γ) is symmetric and positive semidefinite so that its eigenvalues are real and nonnegative (cf. [22] ). Furthermore, the sum of each row (column) of L(Γ) is zero, so that it is singular and consequently, its smallest eigenvalue is 0. The eigenvalues of L(Γ) are called the Laplacian eigenvalues of Γ and are denoted as λ 1 (Γ) ≥ λ 2 (Γ) ≥ . . . ≥ λ n (Γ) = 0 arranged in non-increasing order. Now let λ n1 (Γ) > λ n2 (Γ) > . . . > λ nr (Γ) = 0 be the distinct Laplacian eigenvalues of Γ with multiplicities m 1 , m 2 , . . . , m r , respectively. Then the Laplacian spectrum of Γ, i.e., the spectrum of L(Γ), is represented as
The second smallest
Laplacian eigenvalue λ n−1 (Γ) is called the algebraic connectivity of Γ and the largest Laplacian eigenvalue λ 1 (Γ) is called Laplacian spectral radius of Γ. It is known that λ n−1 (Γ) > 0 if and only if Γ is connected (cf. [14] ). A graph is Laplacian integral if its Laplacian spectrum consists of integers. More results on Laplacian spectra of graphs can be found in the text [11] . We now recall results on spectral properties of power graphs from literature. Chattopadhyay and Panigrahi [7] studied the Laplacian spectrum of power graph of finite cyclic group Z n and dihedral group D n . They showed that for any finite group G, the Laplacian spectral radius of G(G) is |G| and when G is cyclic, its multiplicity is at least φ(n) + 1. They also supplied upper bounds of the algebraic connectivity λ n−1 (G(Z n )) for some n and a lower bound for all n. Chattopadhyay and Panigrahi expressed the Laplacian spectrum of G(D n ) in terms of that of G(Z n ) and hence showed that λ 2n−1 (G(D n )) = 1. Moreover, they obtained the complete Laplacian spectrum of G(Z n ) and G(D n ) for some n. In [5] , the Laplacian spectum of power graph of dicyclic group Q n when n is a power of 2 was computed. In this paper, we improve and generalize some of these results on G(Z n ) and G(Q n ). Mehranian et al. [19] studied the spectra of power graphs of Z n , D n , elementary abelian p-groups and the Mathieu group M 11 . Kirkland et al. [18] investigated the equality of vertex connectivity and algebraic connectivity of graphs that are non-complete and connected. They characterized the graphs for which the equality holds based on graph join operation. We investigate the aforementioned equality for power graphs of finite groups.
We begin by stating relevant fundamental notions and some related results in Section 2. Main results are presented in Section 3. In Section 3.1, we study Laplacian spectrum of G(Z n ). While it is known that the Laplacian spectral radius of G(Z n ) is n, we characterize those n for which its multiplicity is φ(n) + 1. We then supply the necessary and sufficient condition for which the algebraic connectivity λ n−1 (G(Z n )) is φ(n)+1. We characterize the equality of the vertex connectivity and algebraic connectivity of G(Z n ). We further give two upper bounds of λ n−1 (G(Z n )) for all n, and lower bounds of λ n−1 (G(Z n )) for n having two prime factors and for n that is product of at most four distinct primes. In Section 3.2, we express Laplacian characteristic polynomial of power graph of dicyclic group Q n in terms of determinant of sum of L(G(Z 2n )) and a rational matrix. We obtain certain Laplacian eigenvalues of G(Q n ) along with their multiplicity and give lower and upper bound of the algebraic connectivity λ 4n−1 (G(Q n )). We prove that the Laplacian eigenvalue 4n of G(Q n ) has multiplicity two if Q n is generalized quaternion, and one otherwise. We prove that the vertex connectivity and algebraic connectivity of G(Q n ) are equal if and only if the latter is an integer, and supply two more equivalent conditions. For any p-group G, we show in Section 3.3 that the algebraic connectivity of G(G) is 1 if and only if the multiplicity of the Laplacian eigenvalue |G| of G(G) is one. Followed by this, we prove that the vertex connectivity and algebraic connectivity of G(G) are equal. We then determine all possible Laplacian eigenvalues of G(G) and explore their multiplicities. This shows that G(G) is Laplacian integral.
Preliminaries and related works
In this section, we state relevant definitions and fix various notations. Moreover, we recall necessary results from literature and give alternative but shorter proofs of some of them.
Graphs and groups.
Given a graph Γ, its set of vertices and the set of edges are denoted by V (Γ) and E(Γ), respectively. A graph with just one vertex and no edges is called a trivial graph. The complement Γ of Γ is the graph with vertex set V (Γ) and two distinct vertices are adjacent if they are nonadjacent in Γ. The vertex connectivity κ(Γ) of Γ is the minimum number of vertices whose removal results in a disconnected or trivial graph. The edge connectivity κ ′ (Γ) of Γ is the minimum number of edges whose removal results in a disconnected or trivial graph. Note that the vertex connectivity and the edge connectivity of disconnected graphs or the trivial graph are 0. The minimum degree δ(Γ) of Γ is the minimum of degrees of all vertices of Γ. Up to isomorphism, the complete graph on n vertices is denoted by K n .
In this paper, G always denotes a group and e the identity element of G. For any g ∈ G, the order of g is denoted by o(g) and the cyclic subgroup generated by g is denoted by g . Let ≈ denote the equivalence relation on G defined as g ≈ h if g = h . An equivalence class under ≈ is referred to as a ≈-class and the ≈-class of g ∈ G is denoted by [g] . For A ⊆ G, the subgraph of G(G) induced by A is denoted by G(A). We denote G * = G − e and G * (G) = G(G) − e. The following theorem is fundamental in the study of power graphs. For n ∈ N, the additive group of integers modulo n is denoted as Z n = {0, 1, . . . , n − 1}. We denote the set of identity element and generators of Z n by S(Z n ), i.e., S(Z n ) = {a ∈ Z n : 1 ≤ a < n, gcd(a, n) = 1} ∪ {0}. Further, we denote Z Isomorphism of graphs and groups is denoted by ∼ =. Since any cyclic group of order n is isomorphic to Z n , their corresponding power graphs are also isomorphic. Therefore, to study the Laplacian spectrum of power graph of any cyclic group of order n, it is enough to study that of G(Z n ).
In what follows, n always denotes a positive integer. The number of positive integers that do not exceed n and are relatively prime to n is denoted by φ(n), and the function φ is known as Euler's phi function. We say that n is a prime power if n = p α for some prime p and α ∈ N.
Laplacian spectra.
For any graph Γ, the characteristic polynomial det(xI − L(Γ)) of L(Γ) is called the Laplacian characteristic polynomial of Γ and is denoted by Θ(Γ, x). If Γ is a null graph, for both convenience and consistency, we write Θ(Γ, x) = 1.
We now present some necessary results on Laplacian spectra of graphs from literature. The union of graphs Γ 1 and Γ 2 , denoted by Γ 1 ∪ Γ 2 , is the graph with vertex set V (Γ 1 )∪V (Γ 2 ) and edge set E(Γ 1 )∪E(Γ 2 ). Evidently, union of graphs is associative, so that union of any finite number of graphs can be defined accordingly. If Γ 1 and Γ 2 are disjoint (i.e., they have no common vertices), we refer to their union as a disjoint union, and denote it by Γ 1 +Γ 2 . For pairwise disjoint graphs Γ 1 , Γ 2 , . . . , Γ r , we denote their union by r i=0 Γ i . If Γ 1 and Γ 2 are disjoint, their join Γ 1 ∨ Γ 2 is the graph obtained by taking Γ 1 + Γ 2 and adding all edges {u, v} with u ∈ V (Γ 1 ) and v ∈ V (Γ 2 ). For any graph Γ, upto isomorphism, rΓ denotes the graph obtained by taking disjoint union of r copies of Γ. 
Theorem 2.7 ([22]). If Γ is the disjoint union of graphs
A corollary of Theorem 2.1(ii) is already known.
Corollary 2.9 ([7, Corollary 3.3]). If n is a prime power, then the Laplacian
spectrum of G(Z n ) is given by 0 n 1 n − 1 .
Some alternative proofs.
Using Theorem 2.7 and Theorem 2.8, we now give alternative and shorter proofs for some results on Laplacian spectra of power graphs of Z n , D n and Q n from [5, 7] .
As observed in [6] , for distinct primes p and q,
Hence for n = pq, we get
Consequently, we have the following theorem.
Theorem 2.10 ([7, Theorem 2.5]).
If n = pq for distinct primes p and q, then the Laplacian spectrum of G(Z n ) is given by
From [6] , we have the structure of G(D n ) and G(Q n ) as presented below. For any integer n ≥ 3,
and for any integer α ≥ 2,
As a consequence of (1), we have the following theorem.
Moreover, from (2) we obtain
Hence we have the following theorem. 
Laplacian spectra of power graphs
In this section, we study Laplacian spectra and characterize the equality of vertex connectivity and algebraic connectivity of power graphs of finite cyclic groups, dicyclic groups and p-groups in Subsection 3.1, 3.2 and 3.3, respectively. We begin by presenting some results that are fundamental and hold for all finite groups.
Since the identity element of any finite group G is adjacent to all other elements in
This results in the following lemma.
The following remark is an immediate consequence of Lemma 3.1.
Remark 3.2. For a finite group G, the algebraic connectivity of G(G) is 1 if and only if 1 is a Laplacian eigenvalue of G(G).
Theorem 2.3 and Lemma 3.1 together yield the following proposition. It was shown by Fiedler [14] that if Γ is a graph on n vertices, then
). Hence we have the following result.
Finite cyclic group.
In this subsection, we investigate multiplicity and bounds of Laplacian eigenvalues of G(Z n ). We further characterize the equality of the vertex connectivity and algebraic connectivity of G(Z n ). In the following lemma, Laplacian eigenvalues of G(Z n ) are presented in terms of that of G ′ (Z n ).
Lemma 3.5. If the integer n > 1 is not prime, then
Proof. Since each element of S(Z n ) is adjacent to every other element of G(Z n ) and
. This together with Theorem 2.8 give
Hence the proof follows.
We note that (3) also follows from [7, Theorem 2.2] and the fact that Θ(G ′ (Z n ), x − φ(n) − 1) equals the characteristic polynomial of the submatrix of L(G(Z n )) obtained by deleting rows and columns corresponding to elements of S(Z n ).
From Corollary 2.9, when n is a prime power, the multiplicity of n (as a Laplacian eigenvalue of G(Z n )) is n − 1. Furthermore, it was proved in [7, Corollary 2.4 ] that the multiplicity of n is at least φ(n) + 1 for any non-prime integer n > 1. Moreover, from [7, Theorem 2.12],
and equality holds if n is a prime or product of two distinct primes. We observe that the last two results are consequences of Lemma 3.5. In fact, in the following result, we determine the condition for which the multiplicity of n is exactly φ(n) + 1. We further show in Theorem 3.7 that for equality to hold in (4), the aforementioned sufficient condition is necessary as well.
Theorem 3.6. For an integer n > 1, the multiplicity of the Laplacian eigenvalue n of G(Z n ) is φ(n) + 1 if and only if n = 4 or n is not a prime power.
Proof. For n = 4, the multiplicity of n is n − 1 = 3 = φ(n) + 1. Now suppose n is not a prime power. Note that any vertex in S(Z n ) is adjacent to all other vertices of G(Z n ) and |S(Z n )| = φ(n) + 1. Moreover, it was shown in [7, Lemma 2.11] that G ′ (Z n ) is connected when n is not a prime power. Hence it follows from Theorem 2.6 that λ 1 (G ′ (Z n )) < n − φ(n) − 1. This together with Lemma 3.5 imply that λ i (G(Z n )) < n for all φ(n) + 2 ≤ i ≤ n, and hence the multiplicity of n is φ(n) + 1.
Conversely, if n is a prime power and n = 4, then the multiplicity of the Laplacian eigenvalue n of G(Z n ) is n − 1 (cf. Corollary 2.9), and n − 1 = φ(n) + 1.
Theorem 3.7. For an integer n > 1, the algebraic connectivity of G(Z n ) is φ(n)+1 if and only if n is a prime or product of two distinct primes.
Proof. As already recalled from [7, Theorem 2.12], if n is a prime or a product of two distinct primes, then the algebraic connectivity λ n−1 (G(Z n )) is φ(n) + 1.
For converse, let λ n−1 (G(Z n )) = φ(n) + 1. Observe that φ(n) + 1 = n − 1 if and only if n is prime. So suppose n is not prime. Then by Lemma 3.5, λ n−φ(n)−2 (G ′ (Z n )) = 0. Thus by Theorem 2.3, G ′ (Z n ) is disconnected. Finally, applying Lemma 2.2, we conclude that n is a product of two distinct primes.
In the next theorem, we characterize the equality of the vertex connectivity and algebraic connectivity of G(Z n ).
Theorem 3.8. For an integer n > 1, κ(G(Z n )) = λ n−1 (G(Z n )) if and only if n is a product of two distinct primes.
Proof. Let n be a product of two distinct primes. Then from [6, Theorem 3(ii)] and [7, Corollary 2.6 
Now suppose n is not a product of two distinct primes. If n is a prime power, by Theorem 2.1(ii), κ(G(Z n )) = n − 1 and λ n−1 (G(Z n )) = n. So n has at least two distinct prime factors. It was ascertained in [18] that for a connected graph Γ of order n, if Γ is connected, then κ(Γ) = λ n−1 (Γ). By Lemma 2.2, G ′ (Z n ) is connected. Moreover, since n is not a prime power,
Consequently, using Lemma 3.5, we get κ(G(Z n )) = λ n−1 (G(Z n )).
In the next two results, we supply upper and lower bounds of the algebraic connectivity of G(Z n ) using certain existing results on bounds and values of the vertex connectivity and the minimum degree of G(Z n ), respectively. The first result in fact extends results from [7] on upper bound of λ n−1 (G(Z n )) for n having two prime factors or product of three distinct primes to all n. 
Proof. Let the right hand side of (5) and (6) be ξ 1 (n) and ξ 2 (n), respectively. It was shown in [23] that ξ 1 (n) and ξ 2 (n) are upper bounds of κ(G(Z n )). Furthermore,
otherwise. For a non-complete graph Γ with n vertices, λ n−1 (Γ) ≤ κ(Γ) (cf. [14] ). Hence ξ 1 (n) and ξ 2 (n) are upper bounds of λ n−1 (G(Z n )). Finally, it follows from Theorem 3.8 that the upper bounds are strict.
Theorem 3.10. Let p 1 < p 2 < p 3 < p 4 be prime numbers and
Proof. It was shown in [24, Theorem 4.7] that if n
Otherwise, δ(G(Z n )) = (p 2 − 1)(p 3 p 4 + 1) + 1. Hence the proof follows by applying Lemma 3.4.
Dicyclic group.
In this subsection, we derive an expression for Laplacian characteristic polynomial of G(Q n ) that involves L(G(Z n )). We further supply bounds and least value of multiplicity of some Laplacian eigenvalues of G(Q n ). We then show that the vertex connectivity and algebraic connectivity of G(Q n ) are equal if and only if the latter is an integer. Before presenting the results, we recall the definition and state some properties of a dicyclic group from [9, 13] .
For an integer n ≥ 2, the dicyclic group Q n is a finite group of order 4n having presentation
where e is the identity element of Q n . When n is a power of 2, Q n is called a generalized quaternion group of order 4n. Throughout this subsection, we follow the above presentation of Q n . It is clear that (a i b) 2 = a n for all 0 ≤ i ≤ 2n − 1, and
Further, since b 2 = a n , we have the following remark.
Remark 3.11. Any element of Q n − a can be written as a i b for some 0 ≤ i ≤ 2n−1.
Using the above properties of Q n , we have
It was shown in [24, Theorem 5.4 ] that for n ≥ 2, δ(G(Q n )) = 3. This together with Lemma 3.4 give the following theorem.
Theorem 3.12. For any integer n ≥ 2, the algebraic connectivity of G(Q n ) satisfies
We next give a characterization of a generalized quaternion group among dicyclic groups in terms of adjacency property of its power graph. As an application of this result, we characterize the same in terms of Laplacian spectrum. Proposition 3.13. For any integer n ≥ 2, a n is adjacent to all other vertices of G(Q n ) if and only if Q n is generalized quaternion.
Proof. Let Q n be generalized quaternion, i.e., n is a power of 2. Additionally, since a ∼ = Z 2n , it follows from Theorem 2.1(ii) that a is a clique. Hence a n is adjacent to all other elements of a in G(Q n ). Furthermore, from (8), a n is adjacent to a i b for all 0 ≤ i ≤ 2n. Hence in view of Remark 3.11, a n is adjacent to all other vertices of G(Q n ).
Whereas, if Q n is not generalized quaternion, then there exists a prime factor p > 2 of n. So a 2n p is an element of order p. Further, the order of a n is 2. Hence the orders of a n and a 2n p are co-prime and this implies that they are not adjacent in G(Q n ).
Theorem 3.14. For any integer n ≥ 2, the Laplacian eigenvalue 4n of G(Q n ) has multiplicity two if Q n is generalized quaternion and one otherwise.
Proof. In view of (8), a n is adjacent to every element of Q n − a . Moreover, G(Q n ) − {e, a n } is connected since each element of G(Q n ) − a is adjacent to every element of a − {e, a n }. Hence it follows from Proposition 3.13 that the number of components of G(Q n ) is three if n is a power of 2 and two otherwise. Accordingly, by Theorem 2.3, the multiplicity of 0 as a Laplacian eigenvalue of G(Q n ) is three if n is a power of 2 and two otherwise. By Theorem 2.4, the multiplicity of 4n as a Laplacian eigenvalue of G(Q n ) is equal to one less than the multiplicity of 0 as a Laplacian eigenvalue of G(Q n ). Thus the result follows.
We order the elements of Q n as (e, a n , a, a n+1 , . . . , a n−1 , a 2n−1 , b, a n b, ab, a n+1 b, . . . , a n−1 b, a 2n−1 b) and accordingly index rows and columns of L(G(Q n )). Also, we index the rows and columns of L(G(Z 2n )) corresponding to the ordering (0, n, 1, n + 1, . . . , n − 1, 2n − 1).
where R 2n (x) is the 2n × 2n matrix
Proof. By adjacency relations in G(Z 2n ) and G(Q n ), the Laplacian matrix of
where M 2n , N 2n and P 2n are 2n × 2n matrices: (a) The (1, 1) and (2, 2) entries of M 2n are both 2n, and all other entries are 0, (b) N 2n has all entries −1 in first two rows and the rest of the entries are 0, and (c) P 2n is given by
It is known that A, B, C and D are square matrices of the same order and D is invertible, then det
. So, as P 2n is invertible, we have
Moreover,
Hence from (10) and (11), and by setting
, the proof follows. Proof. In Theorem 3.15, let T 2n (x) be the matrix obtained by subtracting first row from second row of xI 2n − R 2n (x) − L(G(Z 2n )). Then (x − 2) det(T 2n (x)) is a polynomial matrix and det(T 2n (x)) = det(xI 2n − R n (x) − L(G (Z 2n )) ). Hence the proof follows.
Theorem 3.17. For any integer n ≥ 2, the algebraic connectivity of G(Q n ) satisfies Proof. Since G * (Q n ) is connected, it follows from Theorem 2.6 that λ 1 (G * (Q n )) < 4n − 1. Moreover, by applying Theorem 2.5 we have λ 1 (G(Q n )) = max{λ 1 (G * (Q n )), λ 1 (G({e}))} = λ 1 (G * (Q n )). Consequently, λ 1 (G(Q n )) < 4n − 1 and hence by Theorem 2.4, λ 4n−1 (G(Q n )) > 1.
The following two results are essential for studying the equality of the vertex connectivity and algebraic connectivity of G(Q n ). (
Lemma 3.18 ([6, Theorem 7]). For any integer
. We first show that {e, a n } is the only minimum separating set of G(Q n ). Let S be a minimum separating set of G(Q n ) and if possible, a n / ∈ S. Note that e ∈ S, and in view of Lemma 3.18, |S| = 2. So S contains at most one element of [a], and as n ≥ 2, |[a]| = φ(2n) ≥ 2. So G( a ) − S is connected. Additionally, by following (8), all elements of (G(Q n ) − a ) − S are adjacent to a n . Consequently, G(Q n ) − S is connected; a contradiction. Hence S = {e, a n } and by applying Lemma 3.19, G(Q n ) = {G(Q n ) − {e, a n }} ∨ G({e, a n }). As a result, a n is adjacent to all other vertices of G(Q n ). Hence applying Proposition 3.13, Q n is generalized quaternion. We thus proved that (i) implies (iv).
If Q n is generalized quaternion, then it follows from Theorem 2.12 that G(Q n ) is Laplacian integral. So (iii) follows from (iv). Whereas, (iii) implies (ii) trivially. Now, if λ 4n−1 (G(Q n )) is an integer, then it follows from Theorem 3.17 that λ 4n−1 (G(Q n )) = 2. This along with Lemma 3.18 show that (i) is a consequence of (ii).
p-Group.
Throughout this subsection, p denotes a prime number. A p-group is a finite group whose order is some power of p. We determine the algebraic connectivity and multiplicity of Laplacian spectral radius of power graphs of all p-groups. Moreover, we show that algebraic connectivity and vertex connectivity are always equal for power graphs of p-groups. We show that power graphs of p-groups are Laplacian integral by finding their all possible Laplacian eigenvalues. Followed by this, we discuss their multiplicities.
Let G be a group and g ∈ G. We denote U (g) = {h ∈ G : g ∈ h } and let Γ(g) be the subgraph of G(G) induced by the set of vertices U (g). Moreover, we denote the component of G * (G) containing g by C(g). If G is finite, its exponent, denoted by exp(G), is the least common multiple of orders of all its elements. Observe that Γ(g) is connected. Consequently, we have the following lemma. For the rest of this subsection, G denotes a p-group. Accordingly, every element of G * has prime power order, so that exp(G) is the largest order of an element in G.
Proposition 3.22. If g is an element of order p in G, then C(g) = Γ(g).
Proof. Since both Γ(g) and C(g) are induced subgraphs of G(G), we only need to show that their vertex sets are equal. Clearly U (g) ⊆ V (C(g)). To show the reverse inclusion, let h ∈ V (C(g)). By [23, Proposition 3.1] , g is adjacent to every other vertex of C(g). So g is adjacent to h and since o(g) is prime, we have g ∈ h . Hence h ∈ U (g).
When G is cyclic or generalized quaternion, the algebraic connectivity and multiplicity of Laplcian spectral radius of G(G) are already known (cf. Corollary 2.9, Theorem 2.12). In what follows, we determine the above two graph theoretic quantities for the rest of the p-groups and show the dependency among them. Proof. It is shown in [21] that G * (G) is connected if and only if G is either cyclic or generalized quaternion. This together with Proposition 3.3(i) shows that (i) and (ii) imply each other.
We now show that (i) and (iii) are equivalent. Let G be neither cyclic nor generalized quaternion. Again by aforementioned result from [21] , G * (G) has at least two components. By Proposition 3.22 and the fact that [g] ⊆ U (g) for all g ∈ G, each component of G * (G) has at least p − 1 vertices. This implies that each component of G * (G) has at most n − p vertices. Thus by applying Theorem 2.5, we conclude that the Laplacian eigenvalues of G * (G) are bounded above by n−p. Hence using Lemma 3.1, λ i (G(G)) ≤ n − p + 1 < n for all 2 ≤ i ≤ n − 1. Consequently, the multiplicity of the Laplacian eigenvalue n of G(G) is one. For converse, let G be either cyclic or generalized quaternion. Then it follows from Corollary 2.9 and Theorem 2.12 that the multiplicity of n is at least two.
This completes the proof of the theorem.
Proof. First let G be cyclic. Then by [6, Theorem 3(i)], κ(G(G)) = n − 1. This together with Corollary 2.9 give the required equality. If G is generalized quaternion, Theorem 2.12 and Lemma 3.18 together yield κ(G(G)) = 2 = λ n−1 (G(G)). Now let G be neither cyclic nor generalized quaternion. Then it follows from Proposition 3.3(i) and Theorem 3.23 that κ(G(G)) = 1 = λ n−1 (G(G)). The proof of the following lemma is straightforward.
The following proposition is important for studying the structure and Laplacian spectrum of power graphs of p-groups.
In particular, for g = e,
Proof. Let o(g) = p k and h be a vertex in Γ(g). Then
Let π(g) ≥ 2 and
Without loss of generality, taking u i ∈ u j , we get u j ∈ U (g i ). Since Γ(g i ) and Γ(g j ) have disjoint vertices, this is not possible.
In addition to the above, each element of [g] is adjacent to every other element of Γ(g), so that Γ(g) = G([g]) ∨ Γ(g 1 ) + Γ(g 2 ) + . . . + Γ(g π(g) ) . Hence (12) follows from this and the fact that G([g]) ∼ = K φ(o(g)) . Additionally, since G(G) = Γ(e), (13) follows.
Using Theorem 2.7, Theorem 2.8 and Proposition 3.26, we have the following proposition. 
Remark 3.28. The complete Laplacian characteristic polynomial of G(G) can be obtained as described below. Starting with (15), for every 1 ≤ i ≤ π(e), we substitute for Θ(Γ(g i ), x − 1) by following (14) and Lemma 3.25(ii) when π(g i ) > 0 and π(g i ) = 0, respectively. Now if π(g i ) > 0 for any 1 ≤ i ≤ π(e), we do the similar substitution for Θ(Γ(h i,j ), x − p) for every primitive class [h i,j ] of g i . We continue this process till the substitution for Θ( 
Proof. If π(g) = 0, from Lemma 3.25, we have Θ(Γ(g), x) = x(x− φ(o(g))) φ(o(g))−1 . Moreover, for π(g) > 0, it follows from Lemma 3.21 and (14) 
is not a Laplacian eigenvalue of Θ(Γ(g), x). Consequently, the proof follows by applying Proposition 3.27 and Remark 3.28.
In the following theorem, we apply Theorem 3.32 to determine the lower bound of multiplicity of p k , k ∈ N as a Laplacian eigenvalue of power graph of a p-group. 
Consequently, (i) follows from (16) and (17) . Now let |U (g)| + o(g) p = p m for some m ∈ N. Then it is evident from (17) that m ≥ k + 1. So comparing both sides of (17), we see that p|(a 1 − 1). This completes the proof of (ii).
Using Theorem 3.31 and Proposition 3.35(i), we have the following theorem. The Laplacian spectra of a group of order p 2 is obtained in the following theorem. This also serves as an illustration for some of the previous results of this subsection.
We proved that the power graph of Q n is Laplacian integral if and only if Q n is generalized quaternion. Moreover, power graph of a p-group is always Laplacian integral. Based on our observations, we state the following for Z n .
Conjecture 4.1. For any integer n ≥ 2, the following statements are equivalent.
(i) The algebraic connectivity of G(Z n ) is an integer.
(ii) G(Z n ) is Laplacian integral.
(iii) n is a prime power or product of two primes.
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